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BASIC VARIABLES

\/OT.IOblGS USECI iY\ emgineering COYYIPU{O.JCI.OVIS

o Dimensions
o Environmental loads

o Material properties
o Life times



~ UNCERTAINTY

¢ Vloo[el Jncerjcat'n{:y
” Dhys;ca. Uncerjcafnjcy

. SJEO.HSHCGl Uncer{ain{y
e Data Uncerjcainjcy

Reliable Compujciwg has to take care of the
different kinds of Uwcer{ainfy



FUZZY DATA

* Environmental Data
‘ Recovering Times

+ Quality of Life Dato
¢ Migm’cion Data

¢ Precision Measuremenjc Da{:a



MEASUREMENTS
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~ MEASUREMENT RESULTS

NO'IZ PY‘CC‘SC numbers bujt more or [BSS VIOH-PF&C;SQ

Mathematical model : Fuzzuy number X

Chamcjcers'zfng funcjr;on S()

} |

- S(x)




(x) = I{xo} (x)
()

£(x)

X0

£(x)




Charocjcerizing Function §(-)

1 0=28x <1 VxeR

(2) suppoml, [§C)] is bounded

3) V8e1] the &-Cut C8
Cb = {xeR. §(x) > g L &

s a closed Interval [08" 108]
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Image size ~ 180x150 pm

DU particle ™4
_ ’ - S0 um
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FRED ESPENAK

False colour map of
solar corona,
showing contours of
equal brightness.



KINDS OF DATA UNCERTAINTY
Variability
EYV’OTS

Missing Volues

Imprecision (Fuzzy Data) |

Descripjcion: :uzzy Numbers

Fuzzy Vectors

':uzz‘y Funcjc;ons
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(— White Half-Plane

Black Half—Plane—j

Figure Black and white half-planes.



# Illumination

Black Half-Plane White Half-Plane

Figure Ideal illumination on a horizontal line

=V



(— White Half-Plane

Black Half—PlaneJ LBoundary between Black and

White Half-Planes

Figure Boundary between half-planes.



lllumination

=

0 X
Black Halfplane White Halfplane

Realistic illumination on a horizontal line



Scaled Rate of Change
of lllumination

0 X

Derivative of illumination function displayed



9(z)

/\g'(w)

= T

&(z)




WATER LEVEL

2 J['uzz‘y

. [wieo]
g(x) - MQXUW'(X)I: e R} VxeR




Figure : Water level
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Figure : Characterizing function of a non-precise life tirne

h(t)

B SV UOIUIUORRRY S W (=
£(2)
R'(2)

t ... time

h(t) ... masured quantity

h'(t) ... derivative of h(t)
R (@)l

£(t) = — V@)

max |A"(2)]

£(.) ... characterizing function



lemma: For a Chamc%erizitf\g fumcﬂom of a fuzzy

number the followmg holds :

§(x) = max {8-1%[5(.)} (%) : 36[0;1]}
Vx€R VXGIR

Remark: Not all families of nested closed
ntervals [a ;b ] are the &-cuts

of a 'fUZ.Z\)/ number.
But the followimg defiwijciow yields

a J]:uzz\y number:
S(X) = suP{S-]l[a b](x) : 86[0,1]} VxeR
535












FUZZY VECTOR

vecjcor-clnarac{;erl'zing function S(-)
S:R"——»[Oiﬂ
obeying
¥ 5€(0,1] the so-called §-cut
C,[§()] = {x e R §(x) 2§} + 0

5 a finite umon of simply connected
closed sets

° SuPP[S(-)] 's bounded



Measured Quantity

— .

Varigbion & Tmprecisior

|

|

Stochastic Models t:uzzy Models

|

|

Statistical Analysis of

-uzzy Data
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FUZZY SAMPLE
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 FUZZY HISTOGRAMS

height

ot precise




FUZZY FREQUENCY

¥

n, fuzzy absolute ]Crequemcv of class Kj
L v L I v

§ - Cuts Ca(n:) = [!‘.S(Kj); -V—!S(K)] V §e (0;1]

where

(K) = # observ. with C g ) K ¢¢
-Y-'-S(Kd) # observ. with C (S (-)) C;KJ

= c\nar.f. xyj(-) of n: given bj nl.s values
YY) = PP o1 (o) (y) VyeK

se[01]



-
h, +— J

— 'FUZZV relaHve ]Crequencv Of ClCISS Kfl
3 n l 7 ' I v

= clﬂar.f. 113-(-) of h: s given by
o = yily) VyeR







CALCULATIONS
Sums 2%

Avemges Yn*

IVld;CO{:OY‘S GVIC‘ IVICJEXGS I*
I* = f(x:) "‘)Xv-lki W1) "')Wn>

Functions of Fuzz.y Variables

Extenston Principle



EXTENSION PRINCIPLE
S:M—’N, xeM = S(X)GN

]cor fuzzy x*é S(-) = S(x*) fuzzy

7[(-) memberslﬂip func{ion of y*= S(x*)

Uy = { sup{§() + g =y} if gyn + B
0 f gy =0,

Exjcension: 9: ?(M) - ?(N)

- VyeN



S:M'—’N, y:g(x) Vxe M
XA S('), S(x*)évl(-)




STANDARD STATISTICAL INFERENCE

A~P,0e0 MX Observation Space
X, pry X SamP(e, xieMX = (%, n)eM"

M; SGW\P[B SPQCG

e Estimators /\}‘ Xyy oy Xyy) /‘}' M - O
. Confidence Reglons K (XyyeeyXp)

o Tesjc Sta’cl'sjcics )t(xi,'--, Xp)

Generalization for Fuzzy Data 2



COMBINED FUZZY SAMPLE

Sample X)) oeey Xn
€,0), o, £
X Fuzzy Element of Observation Space M
M= x = (% ony %) & % e M} Sample Opace
x  Fuzzy Element of M" with VCF {()

S(Xp "t xn) = T; (gi(x1): ’Sn(xn)> V(xp'“a xn)
x. Combined Fuzzy SamP|e



i
NS

n

S ()::)xz.)

£,(x)




;(x19x2) h:: 2




'GENERALISED ESTIMATORS

0 = M (x,,x,) Classical Estimator
l=(x1,...,x") = M:, {\}'M;-——:»@
S(.,...,.)

*

x" Combined Fuzzy SamPle

>

é\* Fuzzy Estimator 2 \I/(.)
)= sup{€(x): xe ¥ ({8} Veee
with (8 = {xeM: o) = 0]






my(e) 29"
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FUZZY CORRELATION

1.0

100 7
90 ]
80 0.8
70 ] ]
60 0.6 -
L] ]
50 - -
] 1
40 0.4—_
30 N
20 ] 0.2
10 ]

Y e A B il st

0 |Tln||ll||llu||ll||lu||||H[llll]n|H|l|n|n||||||||lvll||l||||l|||llu|n|vl]u||||r||[|lu|lvu| X

0 10 20 30 40 50 e 70 80 90 100 1 08 06 04 02 0 02 04 06 08 1

Figure Fuzzy correlation coefficient.



FUZZY CONFIDENCE REGIONS
X~ P 8e@®

k(-) Confidence func’cion

_)g* Combined fuzzy samPle S(.) VCF

Generalized conffdence set k(x®) is a

fuzzy subset of ® whose membership function
L[)(') 1S cleffnecl by

0(8) = sup {§(x): 0en(x)} VBe®
X € suﬂoor’c [S(.)]
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The following holds:

) 0(0) =1 VGGZ:LSJ(&;Z(%)

Ji i\,

U K(x)
x: {(x)=1

(Z) For classical samples X=(%, 0y Xp) s

LP() = 1'((&)(')






@
=1-e
bull (v, B),  F(1)

Wei LP(T, p)
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STATISTICAL TESTS

T = 7{;()(“---,)(") Tesjc Sjcajcis{:ic
XX e X Fuzzy SamPle

‘f:*.--. A:(er“))(:) 'r,()

Calculation of Wl(-) based on the

combined fuzzy SC!WIP'.Q _)_(_* = S(Xp"’: xn)

>

and the extension Principle:

£ = 1 (x9



- FIRST SOLUTION

P - value CIPPFOQC'/I

o For Precise data Xy y g Xy = t = k(xl,---,xn)

-value : Lorgest error probability for which
a h‘ypojcheas S rejec{:ed for 1

o For fuzzy data x¥,-,x} = £ 2 'v[(-)

P- value :
Aq(t)
-1
¥,
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FUZZY P-VALUES

t* fuzzy value of the {est statistic
CS({*) = [,(5),;1,00] Ve (01]

n* fuzzy p -value

For one-sided tests

A (p") = [P (T2 4,09) ; B (T < £,(8)]
§(p) = sup {81, (p) : de [0,1]} VpeR
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- BAYESIAN INFERENCE

X~ f(-16), 0¢®, 8§ Stochastic Qu.
() a-Priori distribution on ©

X5y Xp SamPle information

Updajtfnq of the a~Pr:'ori distribution

9) L(e Xgy ™™ axn) V0e®

'n'(elx 1 ) =
a- osierlorn S“g ey X )de
distribution ©

L(6, x,," x,) Wf(x 16)



FOR FUZZY DATA 3

Fuzzy valued functions :M — E(R)
Foo=y 2 §() VxeM

5 level funchons fs() and fs(.)

definecl by Cs[f*(x)] = [fs(x), ﬁ(x)] VxeM
V8e(0,1]

For M=R $§-level curves (real funcjn'ons)
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FIRST IDEA

Extension Principle 7 (.| x")
T(8] <) 2 g0

W*(.l_x_*) fuzzy clemsijcy on ®

Example: X ~ Exa , ©=(0; o)
G-Priori - distr.  Gam (1;1)

fuuj samP[e x:, R x:o
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FUZZY PROBABILI

Y DISTRIBUTIONS

Gevnera[ized c[ensijries f*(-) on IR:
]C*(-) fuzzy func{;ion with §-level func’cioms

fS () and ﬁ(-)

imjceﬁra ble with

Sﬁ(x)dx < oo VSG(OJH

R

and HOlass{cal clemsijgy f(-) on R WiHl
f_i(x) < f(x) £ ]E(x) VxeR

Tlne fuzzy Probalol'lfty P*(B) O‘f BGB

I.S a ‘FUZZ\)’ number



PROBLEMS
Sequenfial uPda{{ng

Precise a -Priorf demsi{y

ALTERNATIVE SOLUTION

Based on §-level funcjcl'ows

(), L, 71

IS(')’ _e,g('i-’-‘-*); Ig(‘l-’i*)



LIKELIHOOD FOR FUZZY DATA
" combined fuzzy sample with v.c.f. S()

(*(0;)_(_*) fuzzy value of the likelihood (8. x)
wiHn c.f. vte(-) def:'necl by

) sup{§(5)= ue;l):\)’} 'f t-i({y})?ég €
17o(Y) -{ 0 f [-1({y})=¢ Y<K

Remark : For Precise-dafa x the indicator function
of 108.x) 1s obtained



~ GENERALIZED BAYES' THEOREM
8"{6V6|. CUrves Of 'H’Ie fuzzy G-POS{GH'OH' C‘CHSHE\){

AUNE AUIACES
S S [1r (9)3 ., x*) + T (9)_{8(9 2(_*)] d6




Pa(y)

Figure

Fuzzy a-posteriori density

rg(0127)

7s (0] 2°)




EXAMPLE X ~Ex, , 8€0-(0,)
F(x10) = Fexp{-F 1L ®

Fuzzy a—Priori distribution
() fuzzy gamma density

TTS() Hpper } §-level curves

m (-) lower



5 (0) , 5 (0)

2.5
2] To(0)
1,5 g 7.—"-'0,5 (9)

T (0) =, (6)
mo,5 (O)
7;[0+(6)

/
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COMBINED FUZZY SAMPLE

*—
X* = (X1,X2/X3) X4>

——

vector char.funcjcion S(-,.,,) )
S(x“x,_,xs,x,') = W‘i“{gz(’&);S’-("z);st("s),§4("4)}

AQEY

lrg(' | x*)

b\y Sen. Bayes, Hneorem



5 (01x7), s (0] x7)
2,5
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1,5-
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~ HPD-Regions
7(-|D) a-—Posferiori Density
I- Conficlence level
®,, s 6 obeying:
) \+(6[D)dd = 1-«

®

1~

2) 7(8]D) max. on ©,_



CONSTRUCTION LEMMA

Let (A,; 5¢(0,1]) be a nested family of
subsets of a set M. Then the membershfp

fuwc’cion of the correspond;ng fuzzy subset
of M 1s given |oy

S(x) = suP{S-]lAs(x) : 86[0;1]} Vxe M
with Ao =M



GENERALIZED HPD-Regions
w*(-|D*)  Fuzzy a—Pocheriori Densi{y
O@S:{j:jciensity with 7(0) 43(9) s“fr’;(e) VOGG‘)}

SHPDM(S) HPD'Region based on g
A, = SLE‘JD;HPD}_“(S) ¥ §€(0,1]
= (A“ se(0,]) nested famil\y of subsets of ®

Construckion Lemma for Membership Functions:

¢(8) = sup{s.iAs(e); 8&[051]} V6e®



 PREDICTIVE DENSITIES

X~ 1(-18), 0e® Stochastic Model
() G-Priori density

(X5 -+ 5 xn) =D data

= w(|D) a-pos{:eriori clensi{:y

p(-lD) Predic{ive densi{;\y

p(xID) = Sf(xlﬁ)-n(ﬁlD)dG VxeM,
®



FUZZY PREDICTIVE DENSITY

p(+| D%)

P*(XID*) = Sf(x\@)ev*(GlD*)c'B Vxe MX
,5 {3() densd\y on ©: L (6) < 3( ) <X 6) Vee@}

a, := mf{ Sf(xl@)s () df : 3(-) e@s}
© vie(0,1]

bS £ suP{ éf(xle)s(())c]e: 3(°) € ’ZS }



The nested family of mtervals [as;los] define

a fuzzy HUWIb&V' b\y {;he COHS{?FUCHOYI [emma:
Yt = SUP{S.i[assbg](y) - Sell, 1]} VyeR
p(x[D%) 2 ()

For variable x this 1s a fuzzuv clensi{:y
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FUZZY INFORMATION

- Fuzzy Data

’ :UZZy G—PY‘iOV; Knowledge

* Fuzzy Probabilities
* Soft Computing



SOFTWARE

* Some Programs

C++, R

-« Under Developmen’c:
' AFD SAFD



CONCLUSIONS

° FUZZ;HQSS can be descr;loecl OTUGVIH{G{;VEBI

. Stalistics based on fuzzy informajt;on S
possible: Two different uncertainties

J KO[MOSOYOV'S PTObiI“{)/ COV\CQP{ lfIC]S +0 be

SQVIBY‘O“ZCC!

. Hybrid approach: Fuzzy and Stochastics
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